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Caterpillar trees, playing a significant role in the aromatic sextet theory of benzenoid hydro-

carbons, have been characterized.

Introduction

A caterpillar tree (or simply a caterpillar) is de-
fined [2] to be the tree obtained by attaching verti-
ces of degree one to the vertices of a path P,,. If ¢
vertices of degree one (7; > 0) are added to the j-th
vertex of P,,j=1,2,..., m, then the symbol P, (t,,
fy, ..., t,) will be used for the resulting caterpillar:
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B (1, t2, o, ) Fig. 1.

The importance of caterpillar trees in the topo-
logical theory of benzenoid systems lies in the fol-
lowing. Let B be a non-branched cata-condensed ben-
zenoid hydrocarbon (that is a hydrocarbon contain-
ing linearly and angularly condensed rings). If we
associate a symbol L to each linearly condensed ring
(and also to the two terminal ones) and a symbol 4
to each angularly condensed ring, then the so-called
L, A-sequence [3,4] is obtained, which is of the
form L"AL2A... L'™*AL™. Let C(B) be the Clar
graph [4, 5] corresponding to B. Let, in addition, the
sextet polynomial [6] of B be written in the form

1+s(B,1)x +s(B,2) x*+...+s(B, m)x",

where s (B, k) denotes the number of ways in which
k mutually resonant aromatic sextets can be placed
in B.
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It has been shown that [3]

S(B»k)=p(Pm(fl’t2""’tm)’k)9 (1)

where p (G, k) denotes the number of k-matchings
(i.e. the number of selections of k independent
edges) in the graph G. Furthermore [5]

s(B,k)=0(C(B), k),

where o0 (G, k) denotes the number of selections of
k independent vertices in the graph G. The Clar
graph of B is the line graph of P, (¢1, t2, ..., tm)-
The matching polynomial of a graph G with n
vertices is defined as [7]
[n/2)
2(G,x) =2, (=)} p (G, k) x"72K, (2
k=0
In the case of trees, the matching polynomial coin-
cides with the characteristic polynomial [7]. In par-
ticular 3)

x(Pm([l»IZs'~-sIm)v-\')=¢(Pm(tlst2’-'-9tm)’x)*

where @ (G, x) denotes the characteristic polynomial
of the graph G.

Because of (1), (2) and (3), is B is a non-branched
cata-condensed benzenoid system, then the zeros of
the polynomial

X2 — (B, 1) x2m" 2+ 5(B,2) x2m~4— .
+(—=1)"s(B,m) 4)

are real numbers and are just the non-zero eigen-
values of the tree P, (1), 1,...,t,). Aihara [8] con-
sidered the sum of the positive zeros of (4) and used
it as a resonance energy. According to (1), (2) and
(3), Aihara’s resonance energy of B is (formally)
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equal to the Hiickel total n-electron energy of
' (I T o

The number of Kekulé structures of B satisfies
the identity [6, 9, 10]

K(B)=1+s(B,1)+s(B,2)+ ... +5(B, m).
Having in mind (1), we see that
KB)=1+p(P,(t1,t2,....1,),1)
Hp (P (Fy 5 Eois 55 b )5 2)
tii et D (P (b 5 855000 55 L)y 1)

Thus the number of Kekulé structures of B is equal to
Hosoya's topological index [11] of P,, (1, 15, ..., 1,,).

For previous work on the caterpillar trees see
[3,4.12]. For review of topological properties of
benzenoid systems see [13].

Some General Properties of Caterpillar Trees

It is easy to see that a caterpillar P, (f;,t5, ..., 1)
has m+ T vertices and m+ T—1 edges, where T

stands for 71y + 1, + ... +t,,. Hence
P(Pu(tistyy.oosty), )=m+T—1. %)

In order to show that

p(Pu(tistay..city),2)=[T"-T,+2mT—-6T

+mr=Sm+6+21t+21,]/2, (6)

where Th=1{+13+...+1t}, we need the formula
(14]
n

p(G.1)2+p (G 1) =D, d?/2., (7)

i=1

p(G,2)=

which holds for a graph G whose vertex degrees are
dy.dy,....d,. Taking into account that P, (7,1,
.1,,) has T vertices of degree one and additional
m vertices of degree t;, +1, 12+ 2, 13+ 2, ..., ty— 1 +2
and 1,, + 1, (6) follows from (5) and (7).
In order to avoid ambiguities we shall always as-
sume that 7; and ,, are greater than zero.

P, (tj.t2.....1,) cannot have (m + 1)-matchings.
Hence
Dl P (s s -5 Im).k)y=0 for k>m.
P;(2,0.1,0,2) R.(2,1,0,0,2) Fig. 2
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It is also immediate that

p(Pm(Il-’z ..... Im)s M) =1 1" 1.

Consequently, P, (t,t. ..., 1,) has m-matchings if
and only if all #;’s are positive. If some of the ,’s are
zero, then it is not easy to determine the maximal
number of matchings in P, (4,1,,...,1,). For ex-
ample, Ps(2.0,1,0,2) has 3-matchings, but no 4-
matchings. On the other hand, its isomer Ps (2, 1, 0,
0, 2) has 4-matchings.

The matching polynomial of P, (t,1,...,1,)
conforms to the following recursion relations:
73 2 (30 S 1), X)
=X AP s (1585 vovis bn—1) 5 X)
- -Y[m_l fx(Pm—l ([l- h, -.-qu—l),-\‘)
and
a(Pm([I- ,2~--~~[m)~ X)
= ('\.lm+| —Im v\‘lm_]) X (Pm—l ([] a2y een, [r11—l)~-Y) -
—xm=1tttmy (P 5 (ty tay..., Im-2)s X). (8)

These are obtained by standard methods of the
theory of matching polynomials [7].

Symmetric Caterpillar Trees

In the present section we will be concerned with a
special class of caterpillars, namely those for which
H=t=...=t,=t The graph P, (t,t,...,1) will
be denoted simply by P, (1) and called symmetric
caterpillar tree.

We wish here to point at the following properties
of symmetric caterpillar trees:

% (P ( 1/x), ©)

R

in \?
I/ cos +t
1+1 m+1
- *Af'n"”{‘
/ +Vcos d +1 |
n+l m+1

From (11) the eigenvalues of P,, (1) can be deduced
straightforwardly.

Formula (9) was previously known [15]. It follows,
for instance, from the recursion formula (8), which

1), X)=x™ o (PysX—

(10)
% (P (1),X)
= x(- “’"H[\—cos

8 [.\' = COos

(11
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now reads
2 (Pt ) = (3™~ 1Y 0 (Pt (1), %) —

— XY % (P,_5 (1), X). (12)

For m=1 it is elementary to verify that (9) is true.
Supposing that (9) holds for m=my—1 and m=
mo — 2 we can use (12) to show that then (9) is true
also for m = my. This suffices as an inductive proof
of (9).

Formula (11) is obtained from (9) having in mind
that

m

2% (P . %) =H[.\' — 2 cos

j=1

Jjn
n+1

In order to deduce (10) one has to remember the
well known result

m—k
p(Pm.'l‘)_( 1\ )~

which substituted back into (9) gives after an- ap-
propriate calculation :

[m/2) m=2j

5 (Pm(f)--\') - .\.(I—I)m [ Z Z (_ 1)i+/ (nl _/) (
J

j=0 i=0
Setting i +j = k and using the identity

[0z 000

we arrive at (10).

Concluding this section we wish to note that in a
recent paper [16] Balaban and Tomescu studied
benzenoid systems closely related to, but not identi-
cal with those corresponding to symmetric caterpil-
lars. Their (j,k)-hexes have the L,A4-sequence
L"AL?A ... L"'4AL"* with 1,=1,=j and r,=1;=
.=l =j—1 1f j>1 and the L,A-sequence
LAV Lif j=1.

Recognition of the Matching Polvnomial
of Symmetric Caterpillars

In various applications of the sextet polynomial a
problem can arise, namely to decide whether a
given sequence of numbers s, 5,,...,5, can be in-
terpreted as the coefficients of the sextet polynomial
of some benzenoid system. Having in mind (1), we
may ask whether a caterpillar tree can be charac-
terized by its matching numbers.

In the general case the answer is negative since
there exist pairs of caterpillar trees with equal

matching polynomials. The classical example for
this is the first discovered pair of non-isomorphic
cospectral trees — P, (3,3) and P3(4,0,1) [17].

We proceed now to examine whether for a given
h-tuple of positive integers (s, 5;,...,5;) there is a
symmetric caterpillar, such that s, = p (P, (¢), k) for
all k=1.2,...,/h and, in addition, p (P, (1),k)=0
for k > h. We show that this question can be ans-
wered and, if such a caterpillar exists, it is unique.

Applying (5)—(7) we conclude that the following
two equations must be obeyed:

s;=m+mir—1,

S5 =25=mt+20+1)>+ (m—2)(t+2)>~
In spite of its complicated form, the above system
has a unique solution in m and ¢. Expressing m from
the first equation and substituting it in the second
one we obtain
(5,=3) 12+ (2sy+4s,—st—95)t
+25,+ 35, —si—2=0.

m—2j

) ,iJ . x2m=2i-2j
; é A

the solutions of which are r = — 1 and
1= (57— 35— 252+ 2)/(s, — 3).

(13)
Therefrom,

m=(s;+1)(s;=3)/(s1 =25, —2s5,—1). (14)
Hence m and ¢ are uniquely determined by s, and
5. Knowing m and 7 and using (10), we obtain the
number of k-matchings of P, (7) for kK > 3 and thus
immediately check whether p (P, (?), k) = s, holds
for all k. If any of these relations are violated, or if
m and ¢ (as calculated by (13) and (14)) are not
positive integers, then a symmetric caterpillar with
the required properties does not exist.

The caterpillar tree determined by the parameters
m and ¢ is obviously unique.

The expressions for 7 and m given by (13) and
(14) do not hold if s, =3=0orif s} —2s — 25, —1
= 0. It can be shown that this will occur only in the
case of P,(1,1)=P4 and P, (3). Hence these two
graphs are to be considered separately. This is easy
since their matching sequences are (3,1) and (3).
respectively.

VA W]

P (1,1) Py(4,0,1) Fig. 3.
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